A magnetic energy functional is derived for an arbitrary curved thin shell on the assumption that the magnetostatic effects can be reduced to an effective easy-surface anisotropy; it can be used for solving both static and dynamic problems. General static solutions are obtained in the limit of a strong anisotropy of both signs (easy-surface and easy-normal cases). It is shown that the effect of the curvature can be treated as the appearance of an effective magnetic field, which is aligned along the surface normal for the case of easy-surface anisotropy and is tangential to the surface for the case of easy-normal anisotropy. In general, the existence of such a field excludes the solutions that are strictly tangential or strictly normal to the surface. As an example, we consider static equilibrium solutions for a cone surface magnetization. -where an effective Schrödinger equation for the tangential motion of a particle rigidly bounded to a surface was derived and the presence of effective surface potentials depending on both the Gaussian and mean curvatures was shown-much work has been done to elucidate the curvature effects on charge and energy transport and localization in systems with complicated geometry [7] . The behavior of vector and tensor fields on curved surfaces has attracted the attention of many researchers (see, e.g., Refs. [8, 9] ). However, despite the amount of work that has been done it is not fully understood. One of the reasons for this is a complicated and intimate relationship between two geometries: the geometry of the field (the director in liquid crystalline phases, the magnetization vector in ferromagnets, the displacement vector in crystalline monolayers, etc.) and the geometry of the underlying substrate. Until now researchers in this area were mostly concerned with the case when the vector field is strictly tangential to the curved surface, i.e., 2D vector fields. This approach showed its validity and robustness in understanding crystalline arrangements of particles interacting on a curved surface [8, 10, 11] , in studying the geometric interaction between defects and curvature in thin layers of superfluids, superconductors, and liquid crystals deposited on curved surfaces [12] , and in the frustrated nematic order in spherical geometries [13] . However, the tangentiality condition may be too restrictive for magnetic systems with their different types and strengths of surface anisotropy (in/out of surface). Moreover, in the frame 2D vector-field approach it is impossible to study the dynamical properties of magnets on curved surfaces.
Recent advances in microstructuring technology have made it possible to fabricate various low-dimensional systems with complicated geometry. Examples are cylindrical high-mobility two-dimensional (2D) electron structures obtained by rolling up mismatched semiconductor layers [1] , flexible electronic devices [2] and integrated circuits [3] , spin-wave interference in rolled-up ferromagnetic microtubes [4] , magnetically capped rolled-up nanomembranes [5] , etc. After the seminal work of da Costa [6] -where an effective Schrödinger equation for the tangential motion of a particle rigidly bounded to a surface was derived and the presence of effective surface potentials depending on both the Gaussian and mean curvatures was shown-much work has been done to elucidate the curvature effects on charge and energy transport and localization in systems with complicated geometry [7] . The behavior of vector and tensor fields on curved surfaces has attracted the attention of many researchers (see, e.g., Refs. [8, 9] ). However, despite the amount of work that has been done it is not fully understood. One of the reasons for this is a complicated and intimate relationship between two geometries: the geometry of the field (the director in liquid crystalline phases, the magnetization vector in ferromagnets, the displacement vector in crystalline monolayers, etc.) and the geometry of the underlying substrate. Until now researchers in this area were mostly concerned with the case when the vector field is strictly tangential to the curved surface, i.e., 2D vector fields. This approach showed its validity and robustness in understanding crystalline arrangements of particles interacting on a curved surface [8, 10, 11] , in studying the geometric interaction between defects and curvature in thin layers of superfluids, superconductors, and liquid crystals deposited on curved surfaces [12] , and in the frustrated nematic order in spherical geometries [13] . However, the tangentiality condition may be too restrictive for magnetic systems with their different types and strengths of surface anisotropy (in/out of surface). Moreover, in the frame 2D vector-field approach it is impossible to study the dynamical properties of magnets on curved surfaces.
The goal of this Letter is to develop a full threedimensional (3D) approach for thin magnetic shells of arbitrary shape.
The phenomenological study of nanomagnets is based on the classical Landau-Lifshitz equation _ m ¼½m×δE=δm, where m ¼ M=M s is the normalized magnetization unit vector with M s being the saturation magnetization, E is the rescaled energy, normalized by 4πM 2 s , and the overdot indicates a derivative with respect to the rescaled time in units of ð4πγM s Þ −1 , where γ is the gyromagnetic ratio. No damping is taken into account. Since the dynamics of the vector m is a precessional one, the energy functional E must be written for the case of a general-not necessarily tangential-magnetization distribution. Note that in the case of a static tangential distribution of the director in a curvilinear nematic shell the general expression for the surface energy was recently obtained in Refs. [14, 15] . The expressions for E for an arbitrary three-dimensional magnetization distribution have already been obtained only for cylindrical [16, 17] and spherical [18] geometries. Here we propose a general approach that can be used for an arbitrary curvilinear surface and an arbitrary magnetization vector field. However, we neglect dipole-dipole interactions and take into account only exchange and anisotropy contributions. The last one can have a symmetry of the surface; e.g., it can be uniaxial with the axis oriented along the surface normal.
First of all, we define a set of geometrical parameters of a curvilinear surface which will affect the physical properties of the magnetic system. Considering a 2D surface S embedded in 3D space R 3 , we use its parametric representation of the general form r ¼ rðξ 1 ; ξ 2 Þ, where r ¼ x ixi is the 3D position vector defined in the Cartesian basiŝ x i ∈ fx;ŷ;ẑg, and ξ α are local curvilinear coordinates on the surface. Here and below, latin indices i; j ¼ 1; 2; 3 describe Cartesian coordinates and Cartesian components of vector fields, whereas greek indices α, β ¼ 1; 2 numerate curvilinear coordinates and curvilinear components of vector fields. We also use here the Einstein summation convention.
Let us introduce the local normalized curvilinear basis e α ¼ g α =jg α j, n ¼ ½e 1 × e 2 , where g α ¼ ∂ α r with ∂ α ¼ ∂=∂ξ α . The following analysis is performed under the assumption that the basis is orthogonal or, equivalently, that the metric tensor g αβ ¼ g α · g β is diagonal. For convenience we introduce the vector ϖ of the spin connection ϖ α ¼ e 1 · ∂ α e 2 , the second fundamental form b αβ ¼ n · ∂ β g α , and the matrix jjh αβ jj ¼ jjb αβ = ffiffiffiffiffiffiffiffiffiffiffiffi ffi g αα g ββ p jj which has the properties of the Hessian matrix: the Gauss curvature K ¼ detðh αβ Þ and the mean curvature H ¼ trðh αβ Þ=2.
Physically realizable magnetic nanomembranes are of a finite thickness L. We model such a nanomembrane as a thin shell with L ≪ R, with R being the minimal curvature radius of the surface S. Then the space domain filled by the shell can be parametrized as rðξ 1 ; ξ 2 ; ηÞ ¼ rðξ 1 ; ξ 2 Þ þ ηnðξ 1 ; ξ 2 Þ, where η ∈ ½−L=2; L=2. The main assumption is that the thickness L is small enough to ensure that the magnetization is uniform along the direction of the normal; i.e., we assume that m ¼ mðξ 1 ; ξ 2 Þ. This assumption is appropriate for the cases when the thickness is much smaller than the characteristic magnetic length. Similarly to Refs. [14, 15] , we derive the effective 2D magnetic energy of the shell as a limiting case L → 0 of the 3D model and only consider contributions to the magnetic energy that are linear with respect to the thickness L. Thus we consider the surface magnetic energy in the form
where the integration is over the surface S with the surface element dS ¼ ffiffi ffi g p dξ 1 dξ 2 , where g ¼ detðg αβ Þ. The second term in the integrand is the density of the anisotropy energy; it is of easy-surface or easy-normal type for the cases λ > 0 and λ < 0, respectively, where λ is the normalized anisotropy coefficient. For examples of curved magnets with both kinds of anisotropies see Refs. [19] [20] [21] . The only curvature effect on the anisotropy term is a spatial dependence of the anisotropy axis oriented along the normal vector n. The exchange energy density is represented by the first term, where l ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi A=ð4πM 2 s Þ p is the exchange length and A is the exchange constant. The length scale in the system (1) is determined by the parameter σ ¼ l= ffiffiffiffiffi jλj p , which is a domain-wall width. It has been well established in numerous studies on rigorous micromagnetism (see, e.g., Refs. [22] [23] [24] ) that the effects of nonlocal dipole-dipole interactions can be reduced to an effective easy-surface anisotropy for thin shells when the thickness is much less than the exchange length and size of the system. Being aware that these results were obtained for plane films, we assume that the same arguments are valid for smoothly curved shells [25] .
In the Cartesian frame of reference the exchange energy density E ex ¼ ð∇m i Þð∇m i Þ. The Cartesian components of the magnetization vector m i are expressed in terms of the curvilinear components m α and m n as follows:
Then we substitute this expression into E ex and apply the gradient operator in its curvilinear form, ∇ ≡ ðg αα Þ −1=2 e α ∂ α . To incorporate the constraint jmj ¼ 1, we also use the angular parametrization
where θ ¼ θðξ 1 ; ξ 2 Þ is the colatitude and ϕ ¼ ϕðξ 1 ; ξ 2 Þ is the azimuthal angle in the local frame of reference. Finally, in terms of θ and ϕ the exchange energy density E ex reads
Here the vector Ω ¼ ðϖ 1 = ffiffiffiffiffiffi g 11 p ; ϖ 2 = ffiffiffiffiffiffi g 22 p Þ is a modified spin connection and the vector Γ is determined as follows:
where τðϕÞ ¼ ðcos ϕ; sin ϕÞ and tan υ ¼ 2h 12 =ðh 11 − h 22 Þ. Note that Γ vanishes in the case of a planar film and the expression (3) is reduced to the well-known formula E ex ¼ ð∇θÞ 2 þ sin 2 θð∇ϕ − ΩÞ 2 [26] . It should be emphasized that the general expression (3) is reduced to the already obtained results for the specific cases of cylindrical [16, 17] and spherical [18] geometries.
Using the energy expression (3), one can analyze general static solutions for the case of a strong anisotropy. Let us first consider the case of an easy-surface anisotropy (λ > 0) and let the anisotropy be strong enough to provide a quasitangential magnetization distribution; in other words, θ ¼ π=2 þ ϑ with ϑ ≪ 1. Then the total energy (1) can be expressed as
where E t is the energy density of a strictly tangential distribution (θ ≡ π=2, or equivalently m n ≡ 0) and F t can be treated as the amplitude of a curvature-induced effective magnetic field oriented along the normal vector n. Note that F t ≡ 0 in the case of planar film.
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The minimization of the energy functional (5) results in
where the equilibrium function ϕ is obtained as a solution of the equation δE t =δϕ ¼ 0. According to Eq. (6), the strictly tangential solution is realized only for a specific case, F t ðϕÞ ≡ 0. An expression analogous to E t was recently obtained in Refs. [14, 15] for the case of curvilinear nematic shells with a purely tangential distribution of the director. However, as follows from Eq. (6), the purely tangential solutions are not possible in the general case.
For the opposite case of a strong easy-normal anisotropy (λ < 0) one has two possibilities, namely, θ ¼ ϑ or θ ¼ π − ϑ with ϑ ≪ 1. In the first case the total energy (1) can be written as
where F n ¼ ð∇ · hÞ · τ þ Ωðhð∂τ=∂ϕÞÞ can be treated as the amplitude of a curvature-induced effective magnetic field oriented along the vector τ, where ð∇ · hÞ α ¼ ð1= ffiffi ffi g p Þ∂ β ðh βα ffiffiffiffiffiffiffiffiffiffiffi g=g ββ p Þ is a tensor generalization of the divergence. Note that F n ≡ 0 in the case of a planar film. The minimization of the energy functional (7) leads to the solution
There are two equilibrium values of the azimuthal angle: ϕ and ϕ þ π. One should choose the solution that provides ϑ > 0.
Similarly to the previous case, a solution strictly normal to the surface is realized only for the specific case F n ≡ 0. This is the case for spherical and cylindrical surfaces.
As an example of an application of our theory we find the possible equilibrium states of cone shells with high anisotropies of different types. We consider here the side surface of a right circular truncated cone. The radius of the truncation face is R and the length of the cone's generatrix is w. By varying the generatrix inclination angle 0 ≤ ψ ≤ π=2 one can continuously proceed from the planar ring (ψ ¼ 0) to the cylinder surface (ψ ¼ π=2); see Fig. 1 . We chose the following parametrization of the cone surface:
x þ iy ¼ ðR þ r cos ψÞ expðiχÞ; z¼ r sin ψ; ð9Þ
where the curvilinear coordinates χ ∈ ½0; 2πÞ and r ∈ ½0; w play the roles of ξ 1 and ξ 2 , respectively. The definition (9) generates the following geometrical properties of the surface: the metric tensor ∥g αβ ∥ ¼ diagðg; 1Þ, the modified spin connection Ω ¼ e χ cos ψ= ffiffi ffi g p , and the second fundamental form ∥b αβ ∥ ¼ diagð− sin ψ ffiffi ffi g p ; 0Þ, where ffiffi ffi g p ¼ R þ r cos ψ. In accordance with Eq. (4)
In the case of a strong easy-surface anisotropy, the energy of the pure tangential distribution is
The minimization of the energy results in ϕ ¼ ϕðχÞ, which satisfies the pendulum equation for ϕ ″ þ . It should be noted that in the planar limit ψ → 0 the onion solution (11) is reduced to ϕ on ¼ χ, which corresponds to a uniform magnetization distribution [29] in the Cartesian frame of reference; see Fig. 1(b) . The solution of Eq. (11) that corresponds to ψ ¼ π=4 is shown in Fig. 1(c) . Finally, the energy (1) of the onion state (11) [where we take into account Eq. (10) 
with E 0 ðψÞ ¼ 2πLl 2 lnð1 þ wR −1 cos ψÞ= cos ψ, and EðkÞ is the complete elliptic integral of the second kind [28]; see Fig. 2(a) .
Another ("axial") solution of the pendulum equation Fig. 2(a) .
The obtained evolution of the equilibrium states with the curvature changing (increasing of ψ) is a manifestation of the above-mentioned interplay of two geometries: the geometry of the vector field (magnetization vector) and the geometry of the magnetic shell. The energy E t consists of three competitive interactions: a "standard" exchange E t 0 ¼ ð∇ϕÞ 2 which homogenizes the spatial distribution of the magnetization vector, and two terms that are due to a nontrivial geometrical structure of the shell, namely, an effective anisotropy interaction E −1 cos ψ∂ χ ϕ dominates for cone surfaces close to planar, |ψ| ≪ ψ c , and it favors the spatially inhomogeneous distribution given by the solution (11) .
It should be noted that the appearance of the curvatureinduced Dzyaloshinskii-like term can explain the observed polarity [31, 32] and chirality [33] symmetry breaking for magnetic vortices caused by the surface roughness.
The curvature-induced out-of-surface deviations of the magnetization vector given by Eq. (6) with the effective field F t ¼ n sin ψ sin ϕð2∂ χ ϕ − cos ψÞ=g are shown in Figs. 1(c) and 2(b) for the cases of the onion and axial solutions, respectively. The corresponding distributions of the effective field F t are shown, respectively, in Figs. 1(e) and 2(c). These results demonstrate that the magnetization vector deviates from the surface mostly in the vicinity of the cone vertex. Far away from the vertex the deviation is small. The reason for such a behavior is a competition between the exchange and the easy-surface anisotropy. The effective magnetic field F t originates from the exchange energy. In the case of a cone surface it is proportional to the square of the mean curvature H 2 ∼ g −1 and it is maximal near the cone vertex. As the distance from the vertex increases the mean curvature H decreases, and the easysurface anisotropy interaction prevails and makes the magnetization distribution essentially tangential. It is worth noticing that the out-of-surface deviations are absent in planar shells (ψ → 0) as well as for axial states of cylindrical shells (ψ → π=2, ϕ ¼ AEπ=2), since in these cases F t ≡ 0. In magnetic shells with a strong easy-normal anisotropy the magnetization is oriented along the normal vector (inward or outward from the cone surface) up to the small deviations (8) originating from the curvature-induced effective magnetic field F n ¼ g −1 sin ψ cos ψτðϕÞ, where ϕ ¼ π=2 for the inward and ϕ ¼ −π=2 for the outward magnetization directions; see Fig. 3 . The appearance and spatial behavior of the out-of-normal magnetization deviations have the same qualitative explanation as in the case of an easy-surface anisotropy. Note that the deviation from the normal distribution vanishes for a cylindrical surface (ψ ¼ π=2) as well as for the planar case (ψ ¼ 0).
For both cases the order of magnitude of the deviations ϑ is determined by the quantity m The developed concept of effective curvature fields can be used to make computer simulations faster when modeling curvature effects in high-anisotropy shells: we propose to introduce the effective curvature fields F t and F n into a simulation code instead of the excessive mesh refinement in regions with small curvature radii [34] .
In summary, an exchange energy functional for thin arbitrary curved magnetic shells with easy-surface and easy-normal magnetic anisotropy have been derived and general solutions for static magnetization distributions were discussed. It is shown that the effect of the curvature can be treated as the appearance of an effective magnetic field. The means of the developed general theory were demonstrated for a cone surface.
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